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AN INTERESTING APPLICATION OF GEGENBAUER
POLYNOMIALS
SUSANNA DANN
Abstract. In this paper we will give a proof of
∑
m
k=0
Γ(λ+k)Γ(λ+m−k)
Γ(λ)k!Γ(λ)(m−k)! =
Γ(m+2λ)
Γ(2λ)m! utilizing Gegenbauer polynomials.
1. Preliminaries
Gegenbauer polynomials belong to the family of orthogonal polyno-
mials. As such they can be defined in different ways: as a solution of
a certain differential equation, by a recursion relation or by means of a
so called generating function. The last way is the most convinient for
our purpose.
The coefficients Cλm(t) in the power series expansion of (1−2rt+r
2)−λ
for λ > 0 :
(1) (1− 2rt+ r2)−λ =
∞∑
m=0
Cλm(t)r
m
are called the Gegenbauer polynomials ([1], p.125).
Using t = cosϕ we can write (1−2rt+r2)−λ = [(1−reiϕ)(1−re−iϕ)]−λ.
Expanding the factors on the right-hand-side of the last equation we
obtain:
(2)
∞∑
m=0
Cλm(t)r
m =
[
∞∑
m=0
(
−λ
m
)
eimϕ(−r)m
][
∞∑
m=0
(
−λ
m
)
e−imϕ(−r)m
]
.
Note that
(
−λ
m
)
= (−1)m Γ(λ+m)
Γ(λ)m!
. We see that both series on the
right-hand-side of (2) converge absolutely for |r| < 1 and uniformly in
ϕ. Thus the left-hand-side of (2) converges absolutely for |r| < 1 and
uniformly in t ∈ [−1, 1].
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2. Proof
We want to show that for any λ > 0
m∑
k=0
Γ(λ+ k)Γ(λ+m− k)
Γ(λ)k!Γ(λ)(m− k)!
=
Γ(m+ 2λ)
Γ(2λ)m!
.
Let us evaluate (1) for t = 1.
∞∑
m=0
Cλm(1)r
m = (1− 2r + r2)−λ
= (1− r)−2λ
=
∞∑
m=0
(
−2λ
m
)
(−r)m.
Since
(
−2λ
m
)
= (−1)m Γ(2λ+m)
Γ(2λ)m!
, by coefficient comparison we obtain:
(3) Cλm(1) =
Γ(2λ+m)
Γ(2λ)m!
.
Recall that (
∑
∞
m=0 amr
m) (
∑
∞
m=0 bmr
m) =
∑
∞
m=0 cmr
m with cm =∑m
k=0 akbm−k, if both series on the left-hand-side converge and at least
one of them converges absolutely. We apply the last formula to am =
Γ(λ+m)
Γ(λ)m!
eimϕ(t) and bm =
Γ(λ+m)
Γ(λ)m!
e−imϕ(t) and obtain
cm =
m∑
k=0
Γ(λ+ k)Γ(λ+m− k)
Γ(λ)k!Γ(λ)(m− k)!
ei(2k−m)ϕ.
Note that cm is nothing else but C
λ
m(t) = C
λ
m(cosϕ). This gives
(4) Cλm(1) =
m∑
k=0
Γ(λ+ k)Γ(λ+m− k)
Γ(λ)k!Γ(λ)(m− k)!
.
Comparing (3) and (4) gives the result. 
Remark
This proof was a by-prodct of my solution to an exersice, which asked
to justify d
dt
∑
∞
m=0C
λ
m(t)r
m =
∑
∞
m=0
d
dt
Cλm(t)r
m.
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